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Discrete Vortex Simulation on the Acoustic Nonlinearity
of an Ori� ce

Xiaodong Jing¤ and Xiaofeng Sun†

Beijing University of Aeronautics and Astronautics, 100083 Beijing, People’s Republic of China

An axisymmetric potential model to study the nonlinear acoustic properties of an ori� ce in a plate is presented.
The vortex shedding process connected closely with the nonlinear acoustic phenomena is described by a discrete
vortex method. Some � ow details, such as the rolling up of the shed vortex sheet and the forming of the vena
contracta, are simulated. For a sinusoidal pressure variation, both the time history and the spectrum of the
average velocity through the ori� ce are computed, and the nonlinear distortion of the average velocity is analyzed
from the computed spectrum. In terms of the fundamentalharmonicof the average velocity, the nonlinearacoustic
impedance of the ori� ce is calculated. It is found that the acoustic resistance is in excellent agreement with the
previousquasi-steadymodel andthat theacoustic reactancedecreases with the increasingsoundpressure amplitude
as revealed by the previous experiments.

Nomenclature
Cc = vena contracta coef� cient
M = maximum number of discrete vortex rings
N = number of discrete vortex rings
P = amplitude of the applied sound pressure
p = applied sound pressure
Q = � uctuating volume � ux
R = ori� ce radius
r = radial coordinate
T = period time, 2 p / x
t = time
U (n) = amplitude of the nth harmonic of uav

u = local axial velocity
uav = average velocity through ori� ce
u I = self-inducedvelocity of discrete vortex ring
v = local radial velocity
x = axial coordinate
z = speci� c acoustic impedance normalized by q x R
zr = speci� c acoustic resistance normalized by q x R
zx = speci� c acoustic reactance normalized by q x R
C (t) = total circulation at time t
C i = circulation of the i th discrete vortex ring
D i = length of the i th segment of vortex sheet
D t = time step
n i = axial coordinate of the i th discrete vortex ring
q = air density
q i = radial coordinateof the i th discrete vortex ring
r i = core radius of the i th discrete vortex ring
u = velocity potential
u (n) = phase of the nth harmonic of uav

x = angular frequency

I. Introduction

H ELMHOLTZ resonatorsare extensivelyused to suppressnoise
and � ow instabilities at high sound pressure levels. In such

conditions, the acoustic properties of the resonators are dominated
by nonlinearity. Early works1 ¡ 4 showed that the nonlinear acous-
tic impedance of an ori� ce in a plate, which is in close connection
with the resonators, strongly depends on the amplitude of the ap-
plied sound wave. During the past decades, the phenomena related
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to the acoustic nonlinearityof an ori� ce have received considerable
attention. Salikuddin and Ahuja5 reported that substantial acoustic
loss could occur when a sound wave of low frequency and high
amplitude transmitted through the ori� ces in a plate. Flow sep-
aration and the formation of vortex rings were observed in � ow
visualizations2,5 when high-amplitudesound wave is incidenton an
ori� ce. It has been concluded that the absorption mechanism is the
conversion of acoustic energy to vortical energy at a sharp edge.5

Some investigations6 ¡ 8 were carried out of the sound absorption at
a sharp edge, and it is shown that the process of sound vortex inter-
action is linear in the presenceof mean � ow. When there is no mean
� ow, the conversion of acoustic energy to vortical energy is in gen-
eral a nonlinear phenomenon. Some theoretical models were also
presentedto studythisnonlinearprocess,suchas thoseofCummings
and Eversman,9 Hersh and Rogers,10 and Melling.11 These models
mainly concentrateon the nonlinear acoustic resistance or acoustic
energy loss, which is successfully predicted by means of the intro-
duction of the vena contracta coef� cient, although the underlying
physical mechanism for such an empirical coef� cient is unclear.
However, the vortex shedding produced by a sound wave is not suf-
� ciently considered in the aforementionedquasi-steadymodels. As
a result, � ow details, such as the formation of the vortex rings and
the distortion of the velocity around the ori� ce, are not described.
In particular, the quasi-steady models have not provided us suf� -
cient knowledge on the nonlinear acoustic reactance that is of great
importance in the design of Helmholtz resonators.Thereforewe be-
lieve that the numerical simulation of the vortex shedding is needed
for better understanding the energy conversionmechanism, as well
as for obtaining some quantitative results describing the nonlinear
acoustic properties of an ori� ce. For such purposes, in this paper, a
discrete vortex model based on axisymmetric potential � ow is em-
ployed to study the nonlinear process of vortex shedding occurring
at an ori� ce in a plate. The rolling up nature of the shedding vortex
sheet is successfully simulated in the near � eld of the ori� ce, al-
though the motion of the discrete vortex rings tends to be irregular
in the far � eld.The time historyandspectrumof the averagevelocity
through the ori� ce are computed, from which the distortion of the
velocityin the ori� ce is examined.The nonlinearacousticresistance
and acoustic reactance are calculated in terms of the fundamental
harmonic of the average velocity. Note that no empirical parameter
like the vena contracta coef� cient is introduced because the form-
ing process of the vena contracta is automatically included in the
present model. A comparison is made between the present and the
theoretical results of the nonlinear acoustic resistance obtained by
Cummings and Eversman.9 The excellent agreement between them
validates the present numerical method. The present work differs
from the previous investigationsin two major respects. First, an ef-
fort has been made to study some detailed � ow characteristicsof the
acoustic nonlinearity occurring at an ori� ce by a theoretical model
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based on potential � ow. Second, a numerical approach is employed
to calculate the nonlinear acoustic reactance, which has not been
solved satisfactorily in the previous quasi-steadymodels.

Discrete vortex methods have been successfully used by many
authors12,13 to simulate two-dimensional separated � ow. Some
researchers14,15 also employ discrete vortex methods to study the
acoustically induced vortex shedding in two-dimensional � ow. For
axisymmetric � ow, dif� culties arise from applying the Kutta con-
dition at a sharp edge. In the present model, where an ori� ce is in
an in� nitely extended plate, an analytical method is developed to
apply the Kutta condition at the edge of the ori� ce. The � ow� eld is
also computed by means of an analytical method.

II. Discrete Vortex Model of the Flow� eld
As shown in Fig. 1, an ori� ce is located in an in� nitely thin, rigid

plate. The radius of the ori� ce is R. When a � uctuating pressure
difference is applied across the plate, there will be vortex shedding
at the sharp edge of the ori� ce due to the effect of viscosity. The
characteristicsof the � ow around the ori� ce are strongly dependent
on the motion of the shed vortices. Consider that the � uctuating
pressure is uniformlydistributed in the far � eld and has a sinusoidal
time dependency; that is,

p =
P cos( x t ) (x < 0, x2 + r 2 ! 1 )

0 (x > 0, x2 + r 2 ! 1 ) (1)

The pressure � uctuation can be produced by a low-frequency inci-
dent sound.At low frequency,the sound wavelengthgreatlyexceeds
the radius of the ori� ce, and so the � ow is assumed to be incom-
pressiblein the vicinityof the ori� ce. The � ow is also assumed to be
inviscid, and the viscous effect is only taken into consideration by
applying the Kutta condition at the ori� ce edge. At high Reynolds
numbers, the free shear layer is very thin. A discrete vortex model
is adopted to describe the � ow. The shed vortex sheet is represented
by an array of discrete vortex rings [n i ( C i , t ), q i ( C i , t )]. Accord-
ing to the Kelvin theorem, the differential equations that govern the
motion of the i th vortex ring with ciculation C i are as follows:

dn i

dt
= u( n i , q i ) + u I ( n i , q i ),

dq i

dt
= v( n i , q i ) (2)

By tracing all of the discretevortex rings, the evolutionof the vortex
sheet can be calculated.

A. Velocity of the Flow� eld
The variables are normalized as

x̄ = x / R, r̄ = r / R, ¯u = u / x R2 , ¯C = C / x R2

t̄ = x t, ū = u / x R, v̄ = v / x R, p̄ = p / q x 2 R2

In Sec. II, the bars are omitted from the nondimensional variables
for simplicity. To obtain the velocity potential u i , which is induced

Fig. 1 Discretization of the shed vortex sheet at an ori� ce in a plate.

by the i th discrete vortex ring including the effect of the rigid plate
and the ori� ce, we employ the analytical method in Ref. 16. The
main points are 1) an image vortex ring is introduced at ( ¡ n i , q i )
and 2) the presence of an ori� ce is represented by a distribution of
sources and sinks over the area of the ori� ce. Then, the expression
of the velocity potential u i is
u i (x , r ; n i , q i ) = H (x n i )Ei (x , r ; n i , q i ) + H (x n i ) Êi (x , r ; n i , q i )

+ Fi (x , r ; n i , q i ) (3)

where

Ei (x , r ; n i , q i ) = ¡
1
2

sgn(x ¡ n i ) C i q i

£
1

0

exp( ¡ k j x ¡ n i j )J0(kr)J1(kq i ) dk (4)

Êi (x , r ; n i , q i ) =
1
2

sgn(x + n i ) C i q i

£
1

0

exp( ¡ k j x + n i j )J0(kr)J1(kq i ) dk (5)

Fi (x , r ; n i , q i ) = ¡
1
p

sgn(x) C i q i

1

0

1

0

1

0

exp( ¡ k j x j ¡ k j n i j )

£ J0(kr )J1( k q i ) cosks cos k s ds d k dk (6)

and H (y) is the Heaviside function. Equation (4) expresses the ve-
locity potential induced by the i th discretevortex ring in free space,
Eq. (5) expresses the velocity potential induced by its image in
free space, and Eq. (6) expresses the contribution of the ori� ce.
The vortex sheet is represented by N discrete vortex rings. Thus,
the velocity potential of the � ow� eld is due to the superpositionof
all of the discrete vortex rings. Note that u i satis� es the following
boundary condition:

u i (x , r ; n i , q i ) ! 0 (x2 + r 2 ! 1 ) (7)

To satisfy the boundary conditions in the far � eld, the solution
G(x , r) givenbyLamb,17 whichdescribesthepotential� ow through
an ori� ce in a rigid plate, is supplemented. The � nal expression of
the velocity potential is as follows:

u (x , r) =
N

i = 1

u i (x , r ; n i , q i ) + C (t )G(x , r) (8)

where

G(x , r) =

1 ¡
1
p

1

0

k ¡ 1 sin k exp(kx)J0(kr) dk (x < 0)

1
p

1

0

k ¡ 1 sink exp( ¡ kx)J0(kr ) dk (x > 0)

and C(t ) is a time-dependent variable that will be determined in
Sec. II.C. The axial and radial velocity are given by the derivatives
of the velocity potential; that is,

u =
@u

@x
, v =

@u

@r
(9)

Then

u(x , r ) =
N

i = 1

H (x n i )U
V
i (x , r ; n i , q i ) +

N

i = 1

H (x n i )Û
V
i (x , r ; n i , q i )

+
N

i = 1

U A
i (x , r ; n i , q i ) + C(t )U p(x , r) (10)

v(x , r) =
N

i = 1

H (x n i )V
V

i (x , r ; n i , q i ) +
N

i = 1

H (x n i )V̂
V

i (x , r ; n i , q i )

+
N

i = 1

V A
i (x , r ; n i , q i ) + C(t )V p(x , r) (11)
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where

U V
i (x , r ; n i , q i ) = ¡

C i

2p r

r ¡ q i

R1

+
r + q i

R2

£ K ( k ) ¡
1

1 ¡ k 2
E ( k )

¡
k

1 ¡ k 2

r ¡ q i

R1
¡

r + q i

R2
E( k ) (12)

Û V
i (x , r ; n i , q i ) =

C i

2 p r

r ¡ q i

R̂1

+
r + q i

R̂2

£ K ( ˆk ) ¡
1

1 ¡ ˆk 2
E ( ˆk )

¡
ˆk

1 ¡ ˆk 2

r ¡ q i

R̂1

¡
r + q i

R̂2

E( ˆk ) (13)

V V
i (x, r ; n i , q i ) = ¡

C i

2 p

(x ¡ n i )
r

1
R1

+
1
R2

£ K ( k ) ¡
1 + k 2

1 ¡ k 2
E ( k ) (14)

V̂ V
i (x, r ; n i , q i ) =

C i

2 p

(x ¡ n i )
r

1

R̂1

+
1

R̂2

£ K ( ˆk ) ¡
1 + ˆk 2

1 ¡ ˆk 2
E ( ˆk ) (15)

U A
i (x , r ; n i , q i ) =

1
p

C i q i

1

0

1

0

1

0

exp( ¡ k j x j ¡ k j n i j )

£ J0(kr )J1( k q i )k cos ks cos k s ds d k dk (16)

V A
i (x , r ; n i , q i ) =

1
p

sgn(x) C i q i

1

0

1

0

1

0

exp( ¡ k j x j ¡ k j n i j )

£ J1(kr )J1( k q i )k cos ks cos k s ds d k dk (17)

U P (x , r) = ¡
1
p

1

0

sin k exp( ¡ k j x j )J0(kr) dk (18)

V P (x , r) = ¡ sgn(x)
1
p

1

0

sin k exp( ¡ k j x j ) J1(kr ) dk (19)

In the preceding equations, R2
1,2 = (r ¡ q i )2 + (x ¨ n i )2 , R̂2

1,2 =
(r ¡ q i )2 + (x § n i )2 , k = (R2 ¡ R1)/ (R2 + R1), and ˆk =
( R̂2 ¡ R̂1) / ( R̂2 + R̂1) and K (y) and E (y) are, respectively,the com-
plete elliptic integrals of the � rst and second kind. The evaluations
of the integrals in Eqs. (16) and (17) are presented in Appendix A.
Equations (18) and (19) can be analytically integrated according to
Watson.18

Noted that, when Eqs. (10) and (11) are used to calculate the con-
vectionvelocityof the j th discretevortex ring, the induced velocity
due to itself is not considered; that is,

u(x j , r j ) =
N

i =1
i 6= j

H (x j n i )U
V
i (x j , r j ; n i , q i )

+
N

i = 1

H (x j n i )Û
V
i (x j , r j ; n i , q i )

+
N

i = 1

U A
i (x j , r j ; n i , q i ) + C(t )U p(x j , r j ) (20)

v(x j , r j ) =
N

i =1
i 6= j

H (x j n i )V
V

i (x j , r j ; n i , q i )

+
N

i = 1

H (x j n i )V̂
V

i (x j , r j ; n i , q i )

+
N

i = 1

V A
i (x j , r j ; n i , q i ) + C (t)V p(x j , r j ) (21)

In fact, the j th discretevortex ring representsa small segment of the
axisymmetric vortex sheet, and it has an axial self-inducedvelocity
u I . Therefore, this self-induced velocity must be included in the
convection velocity. The self-induced velocity of the j th discrete
vortex ring is calculated according to Sugiaka and Widnall.19

u I ( n j , q j ) = ( C j / 4 p q j ) (8 q j / r j ) ¡ 1
4

(22)

where r j is the core radius of the j th discrete vortex ring, which is
calculated from the following relation given in Ref. 19:

r j ¼ 0.25D j (23)

where D j is the length of the j th vortex sheet segment that will be
determined in Sec. II.B. Note that the core radius r j results from
the discretization of the continuous vortex sheet, and so it is not a
physical one.

B. Kutta Condition
As shown in Fig. 2, the nascent vortex ring represents a small

segment of vortex sheet E P that starts from the sharp edge E . In
the present model, the starting vortex sheet is chosen from a small
segmentof the steady jet.To obtainsmooth � ow near the sharpedge,
the starting vortex sheet is subdivided into N1 subpanels of equal
length. Each subpanel is represented by a subvortex ring ( n 1 j , q 1 j )
with circulation C 1 / N1. The circulation of the nascent vortex ring
is determined by the Kutta condition, which requires

u(0, 1 ¡ ) = 0 (24)

To satisfy this condition, C 1 is given by the following relation:

C 1

N1
= C(t ) ¡

N

i = 2

C i K i (n i , q i )
N1

j = 1

K j (n 1 j , q 1 j ) (25)

where

Ki ( n i , q i ) = q i

1

0

exp( ¡ k j n i j ) J1(kq i ) cos k dk

and it can be analyticallyintegratedaccordingto Ref. 18.The deriva-
tionofEq. (25) is presentedin AppendixB. The circulationshedding
rate at the ori� ce edge is

dC

dt
=

1
2

v2
¡ ¡ v2

+ (26)

where v ¡ and v+ are slip velocities at the two sides of the ori� ce
edge. To calculate v ¡ and v+ , the contribution of the � rst discrete

Fig. 2 Geometry of the starting vortex sheet EP.
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vortex ring C 1 will be substitutedby that of the N1 subdiscretevortex
rings with circulation C 1 / N1 . Then, Eq. (11) is rewritten as

v(x , r) =
N1

j = 1

H (x n 1 j ) V V
1 j (x , r ; n 1 j , q 1 j ) + V̂ V

1 j (x , r ; n 1 j , q 1 j )

+
N1

j = 1

V A
1 j (x , r ; n 1 j , q 1 j ) +

N

i = 2

H (x n i ) V V
i (x , r ; n i , q i )

+ V̂ V
i (x , r ; n i , q i ) +

N

i = 2

V A
i (x , r ; n i , q i ) + C(t )V p(x , r)

(27)

The slip velocities v ¡ and v + are calculated from Eq. (27):

v ¡ = v( ¡ e x , 1 + e r ), v + = v( e x , 1 + e r ) (28)

where e x » (10 ¡ 2) and e r » (10 ¡ 2). The procedure to calculate
the circulation of the nascent vortex and the length of the starting
vortex sheet is similar to that of Ref. 13.

1) A value of D 1 is chosen, which is the length of the starting
vortex sheet. The coordinates of the subvortex rings (n 1 j , q 1 j ) are
calculated.

2) The circulation of the nascent vortex C K
1 is calculated from

Eq. (25).
3) The slip velocities are calculated from Eq. (28), and the

circulation of the nascent vortex C V
1 is calculated according to

Eq. (26):

C V
1 = 1

2
v2

¡ ¡ v2
+ D t (29)

4) Repeat the calculationsin steps 1–3 until the followingcondition
is ful� lled:

C K
1 ¡ C V

1 C V
1 < e (30)

where e is a control error. Then, C V
1 and D 1 are employed as the re-

quired value. If the calculationdoes not convergeafter 20 iterations,
the values of C V

1 and D 1 in the last iteration are employed.

C. Determination of C(t)
As shown in Fig. 3, the pressuredifferencebetween the two sides

of the plate can be calculated using Bernoulli equation along the
path A– E – B, where A and B are two points in the far � eld at the
two sides of the plate, and E(0, 1 ¡ ) is the edge point:

pA ¡ PB =
1

2
v2

¡ ¡ v2
+ +

@

@t

B

A

w ¢ ds (31)

where w = (u, v), ds = (dx , dr ). The following conditions are em-
ployed to derive Eq. (31):

j wA j = 0, j wB j = 0, x2 + r 2 ! 1

p(0+ , 1 ¡ ) = p(0 ¡ , 1 ¡ ) (32)

which mean the velocity is zero in the far � eld and the pressure is
continuous across the vortex sheet at the edge. By the use of the
relation

Fig. 3 Path A–E–B along which the Bernoulli equation is applied.

C(t ) = ¡
B

A

w ¢ ds (33)

and of Eq. (26), Eq. (31) can be rewritten as

P cos t =
d C

dt
¡

d

dt
C(t ) (34)

By use of the initial condition C (0) = 0, the integration of
Eq. (34) with respect to time t gives

C(t ) = ¡ P sin t + C (t ) (35)

where C (t ) is the total amount of circulation that has shed into the
� ow� eld from the ori� ce edge at time t .

D. Convection of the Vortex Sheet
Equation (2), which governs the motion of the discrete vortex

rings, is solved by the second-orderRunge–Kutta scheme:

K1 =
dZ

dt
(Z t , t ) D t, K2 =

dZ

dt
(Z t + K1, t + D t) D t

Z t + D t = Z t +
1

2
(K1 + K2) (36)

where Z = ( n i , q i )T , 1 ·i · N . The m th time step is described as
follows.

1) Evaluate C(tm ¡ 1) from Eq. (35). The total amount of circula-
tion of the shed vortex sheet is approximately given by

C (tm ¡ 1) =
m ¡ 2

i = 0

C 1(ti ) (37)

where m ¡ 1 is the number of the completed time steps and

ti = t0 + i D t (38)

where t0 is an initial time of a small value, which is selected at the
beginning of all of the time steps. The initial condition is approxi-
mately given by C (t0) = 0.

2) Calculate the circulation, position, and core radius of the
nascent vortex ring.

3) Calculate the new positionsof the discretevortex rings accord-
ing to Eq. (36).

4) The time tm ¡ 1 is incremented by D t, where tm = tm ¡ 1 + D t .
Prepare for the next time step by changing the indices of the discrete
vortex rings as follows:

C i + 1 = C i , n i + 1 = n i , q i + 1 = q i , r i + 1 , = r i

(39)

To limit the computation time as the calculation proceeds, an
amalgamation process is introduced. When the number of the dis-
crete vortex rings exceeds M , the amalgamationprocessbegins.The
earliest shed vortex ring is chosen to be the amalgamation center,
and the vortex rings shed later are amalgamated with it in such a
way that one is absorbed after each time step. Usually the amalga-
mation happens somewhere far away from the ori� ce. Ignoring the
in� uence of the rigid plate, the circulation and the position of the
new vortex ring after amalgamation is calculatedfrom the following
relation, given in Ref. 17:

C M , new = C M + C M ¡ 1

n M ,new =
C M q 2

M n M + C M ¡ 1 q
2
M ¡ 1 n M ¡ 1

C M q 2
M + C M ¡ 1 q

2
M ¡ 1

q M , new =
C M q M + C M ¡ 1 q M ¡ 1

C M + C M ¡ 1

(40)

The amalgamation proceeds until C M ¡ 1 changes sign. The amal-
gamation center represents a physical vortex ring that is formed by
the rolling up of the vortex sheet. Thus, one physical vortex ring is
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formed after each half-cycle.A physicalvortex ring has a � nite core
radius that is given by the following relation,accordingto Sallet and
Widmayer.20

r c = 2
p

m tc (41)

where tc = T /2. The self-inducedvelocity of a physical vortex ring
is calculatedfromEq. (22), accordingto Ref. 17.The numericaltests
show that the variations of the core radius r c have little in� uence
on the � nal numerical results. Therefore, the results of the present
model are basically independent of viscosity.

E. Volume Flux
The volume � ux through the ori� ce is given by

Q(t ) = 2 p

1

0

@u

@x
(0+ , r)r dr (42)

Equation (42) can be analytically integrated according to Ref. 16,
then

Q(t ) =
N

i = 1

Q i ( n i , q i ) ¡ 2C(t ) (43)

where

Q i ( n i , q i ) = 2C i 1 + n 2
i + q 2

i ¡ 1
2

+ 4n 2
i

1
4 sin( a / 2)

and

a =

arctan ¡ 2 j n i j q 2
i + n 2

i ¡ 1 q 2
i + n 2

i > 1

¡ p /2 q 2
i + n 2

i = 1

¡ p + arctan ¡ 2 j n i j q 2
i + n 2

i ¡ 1 q 2
i + n 2

i < 1

III. Results and Discussion
From the preceding analysis, we know that the theoretical results

dependonly on the non-dimensionalamplitudeof the appliedsound
pressure. The vortex shedding process for P̄ = 5.0, D t̄ = 0.0261,
and M =50 is shown in Fig. 4. The evolution of the shed vortex

Fig. 4 Computed vortex shedding process at the edge of an ori� ce, where the coordinate of the ori� ce edge is (0; 1); � rst period is shown at every
one-eighth cycle.

sheet is calculatedqualitatively,and the rolling up natureof the shed
vortex sheet is clearly demonstrated by the numerical simulation.
The forming process of the vena contracta is also shown in Fig. 4,
and the results in Figs. 4a–4h indicate that both the position and
the contractionvalue of the vena contracta are time dependent.The
� lled and open circles indicate the vortex strength is positive and
negative, respectively. In Figs. 4d and 4g, the amalgamation centers
are marked by open squares. In Figs. 4e and 4h the amalgamation
process has been completed, but the formed physical vortex rings
do not appear because they are out of the maximum range of the
� gures. It is shown that a smoothing rolling up is always obtained
in the vicinity of the ori� ce. However, the motion of the discrete
vortex rings tends to be irregular in the � ow� eld two or three ra-
dius away from the ori� ce. At such a distance, the vortex sheet has
been considerably stretched, and a limited number of discrete vor-
tex rings (for example, M = 50) is not enough to represent it. To
obtain a smoothing vortex sheet far from the ori� ce, a procedure
is needed to redistribute the vortex strength. Such a procedure is
not incorporated in the present method because we assume that the
acoustic nonlinearityof an ori� ce mainly depends on the motion of
the vortex sheet near to the ori� ce.

Figures 5a and 6a show, respectively, the calculated time history
of the averagevelocity through the ori� ce for P̄ = 5.0 and 50.0. It is
shown that ūav is almost convergent after one cycle. In Figs. 5a and
6a the nonlinear distortionof the velocity has appeared because the
velocitycurvesare periodicbut nonsinusoidalwhen it is convergent.
The Fourier decompositionof ūav can be expressed as follows:

ūav(t̄ ) =
1

n = 1

Ū (n) cos[nt̄ + u (n)] (44)

The � rst six harmonics of ūav for P̄ =5.0 and 50.0 are shown in
Figs. 5b and 6b, respectively. We can see that the � rst, third, and
� fth harmonics play a dominant role in both Figs. 5b and 6b. The
distortionof the averagevelocity can be analyzed from its spectrum.
In Fig. 5b, U (1) is 12.8 times as large as U (3), and it is 137.3 times
as large as U (5). In Fig. 6b, U (1) is 7.56 times as large as U (3), and
it is 20.2 times as large as U (5). It seems to show that the ampli-
tudesof thehigherharmonicsincreasewith the increasingamplitude
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a)

b)

Fig. 5 Average velocity through the ori� ce for ÅP = 50:0: a) time his-
tory, Åp = ÅP cos !t; and b) spectrum, where U(n) is the amplitude of nth
harmonic of the average velocity.

a)

b)

Fig. 6 Average velocity through the ori� ce for ÅP = 50:0: a) time his-
tory, Åp = ÅP cos !t; and b) spectrum, where U(n) is the amplitude of nth
harmonic of the average velocity.

Fig. 7 Ratio between the amplitude of the fundamental harmonic and
that of the third harmonic or � fth harmonic as a function of the ampli-
tude of the applied sound pressure.

Fig. 8 Phase angleof the � rst harmonicof the averagevelocity through
the ori� ce as a function of the amplitude of the applied sound pressure.

of the applied pressure. However, further investigations show that
the ratios between the amplitude of the fundamental harmonic and
that of higher-orderharmonicsgradually tend to certain limits when
P̄ > 30.0, as shown in Fig. 7. Therefore, it can be deduced that
the distortion of the average velocity nearly remains unchanged
on such a condition. When P̄ =50.0, U (1) / U (3) and U (1) / U (5)
are equal to 7.56 and 20.2, respectively. These values are near to
U (1) / U (3) =7 and U (1) / U (5) = 15.4, which were obtained by
Ingard3 on the quasi-steady assumption. In the present paper, the
speci� c acoustic impedance is normalized by q x R. The nonlinear
acoustic impedance of an ori� ce is de� ned in terms of the funda-
mental harmonic of uav accordingto Ref. 1. The normalizedspeci� c
acoustic impedance of an ori� ce is given by the following relation:

zr = P̄ cos[u (1)]/ Ū (1), zx = P̄ sin[ u (1)]/ Ū (1) (45)

In Fig. 8, u (1) is plottedas a functionof the amplitudeof the applied
sound pressure (the phase of the applied sound pressure has been
selected to be zero). Figure 8 shows that the phase of the fundamen-
tal harmonic of the averagevelocitydecreasesas the sound pressure
amplitude increases.This result is consistentwith the experimental
data presented in Ref. 1. In Fig. 9, the normalized speci� c acoustic
impedance is calculatedas a functionof the amplitudeof the applied
sound pressure. It is shown that the normalized speci� c acoustic re-
sistance increases markedly while the normalized speci� c acoustic
reactancedecreaseswith the increaseof the nondimensionalampli-
tude of the applied sound pressure. As we know, the linear value
of the normalized speci� c acoustic reactance is 1.7. The results
of Fig. 9 show that the normalized speci� c acoustic reactance is
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Fig. 9 Normalized speci� c acoustic impedance as a function of the
amplitudeof the applied sound pressure: a) normalized speci� c acoustic
resistance, results of Ref. 9 calculated for Cc = 0:61; and b) normalized
speci� c acoustic reactance.

Fig.10 Normalizedspeci� cacoustic impedanceas a functionof theam-
plitude of the � rst harmonic of the average velocity through the ori� ce:
a) normalized speci� c acoustic resistance, results of Ref. 9 calculated for
Cc = 0:61; and b) normalized speci� c acoustic reactance.

approaching this value when the nondimensional amplitude of the
sound pressure is very low. As P̄ increases, the normalized speci� c
acoustic reactance decreases to 0.71 of its linear value at its lowest
point. This result is in excellent agreement with the ratio 0.7 ob-
tained by Thurston et al.4 However, it is much higher than the ratio
0.5 proposed by Ingard and Ising.1

In Fig. 10, the normalized speci� c acoustic impedance is plotted
as a functionof Ū (1), which is the nondimensionalamplitudeof the
fundamentalharmonic of the averagevelocity.The results of Fig. 10
show that the normalizedspeci� c acoustic resistanceis proportional
to Ū (1), as revealed by the previous experiment.1 In Figs. 9a and
10a,a comparisonis madebetweenthe presentnumericalresultsand
the quasi-steady results of Ref. 9. The results of Ref. 9 are obtained
for vena contracta coef� cient Cc = 0.61. No empirical parameter
such as the vena contracta coef� cient is introduced in the present
model. However, the present numerical results of the normalized
speci� c acoustic resistance are in good agreement with the quasi-
steady results of Ref. 9, as shown in Figs. 9a and 10a.

Conclusion
The nonlinearacousticpropertiesof an ori� ce have long received

attention. This paper presents an axisymmetric potential model in
an attempt to explain certain phenomena observed in the previous
experiments.As revealedby the previousinvestigations,the nonlin-
ear acoustic properties of an ori� ce are closely related to the vortex

shedding process occurring at the edge of the ori� ce. However, at
present, there is little effort to study theoretically the vortex motion
in detail aiming at giving more insight into the acoustic nonlinear-
ity of an ori� ce. In the present paper, a discrete vortex method is
employed to describe the vortex motion around an ori� ce. Some
characteristicphenomena, such as the rolling up of the shed vortex
sheet and the forming of the vena contracta, are simulated. At high
soundpressurelevel, the distortionof the velocityin an ori� ce is also
one of the nonlinear characteristicsof great concern. When the ap-
plied soundpressureis harmonic,both the time historyandspectrum
of the averagevelocity through the ori� ce are obtainednumerically.
Also, the distortion of the velocity is investigated by analyzing the
distributionof the harmonics in the computed spectrum.Because of
its importancein the design of Helmholtz resonators,the calculation
of the nonlinearacoustic impedancebecomesan objectof most con-
cern when studying the nonlinear acoustic phenomena occurring at
an ori� ce. We adopt a numerical approach to calculatethe nonlinear
acoustic impedance. It is found that the computed nonlinear acous-
tic resistance is in good agreement with the previous models based
on the quasi-steady assumption.9 Compared with the acoustic re-
sistance, it proves more dif� cult to calculate the nonlinear acoustic
reactance that is associated with the attached mass. To the authors’
knowledge, this problem has not been well solved so far. As one
of the major purposes of the present paper, a numerical procedure
is used to compute the nonlinear acoustic reactance over a wide
range of sound pressureamplitude.The numerical results show that
the nonlinear acoustic reactance decreases with the increasing am-
plitude of the applied sound pressure, which is consistent with the
previous experiments.1,2,4 The acoustic reactance decreases to 0.71
of its linearvalueat its lowest point.This result is also in goodagree-
ment with the previous experimental data 0.7 (Ref. 4). Because the
viscosity is of little importance in the present model, the numerical
results recon� rm the conclusion that the absorption mechanism is
the conversion of acoustic energy into vortical energy.9

Appendix A: Evaluations of the Multiple Integrals
in Eqs. (16) and (17)

The integration of Eqs. (16) and (17) over k and k results in the
following expressions:

U A
i =

1
p

C i

1

0

( j x j ¡ is)[( j x j ¡ is)2 + r 2] ¡ 3
2

£ 1 ¡ ( j n i j ¡ is) ( j n i j ¡ is)2 + q 2
i

¡ 1
2 ds (A1)

V A
i =

1
p

sgn(x) q i C i

1

0

[( j x j ¡ is)2 + r 2] ¡ 3
2

£ 1 ¡ ( j n i j ¡ is) ( j n i j ¡ is)2 + q 2
i

¡ 1
2 ds (A2)

Note that only the real parts in the parentheses are considered in
these equations. The integration of Eq. (A1) or Eq. (A2) over s is
carried out by means of a numerical method. On the condition that
j x j or j n i j has a small value, the integrated functions in Eqs. (A1)
and (A2) have high peaks, and so an adaptive integration program
is employed to accelerate the convergence.

Appendix B: Derivation of Eq. (25)
A method similar to that of Dowling21 is employed to derive

Eq. (25). Consideringthe arrangementshown in Fig. 1, the presence
of the ori� ce can be represented by a distribution of sources lying
on the disk x =0+ and r < 1 according to Ref. 16. If it is assumed
that Fi (x , r) is the potential function generated by the distributed
sources, the following expression can be obtained:

Fi (0
+ , r ) =

1

2
C(t ) ¡

1

2
C i q i

1

0

exp( ¡ k j n i j )J0(kr )J1(kq ) dk

(B1)

The strength of the sources is equal to the normal velocity in the
ori� ce, and so the results of Copson (see Ref. 22) can be used to
give the normal velocity; that is,
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u i (0
+ , r) =

C(t )

2 p
p

1 ¡ r 2
¡

1
2

C i q i

1

0

exp( ¡ k j n i j )J1(kq i )

£ 1
2

k J0(kr) +
1
p

1

1

t cos kt
3
p

t 2 ¡ r 2
dt dk (B2)

Integrating the t integral by parts leads to

u i (0
+ , r) =

1

2 p
p

1 ¡ r 2
C(t ) ¡ C i q i

£
1

0

exp( ¡ k j n i j ) J1(kq i ) cos k dk

¡
1

4
C i q i

1

0

k exp( ¡ k j n i j )J1(kq i )

£ J0(kr) ¡
1

1

sin kt
p

t 2 ¡ r 2
dt k dk (B3)

Note that the � rst term of Eq. (B3) has a square-root singularity.To
remove the singularity, the following condition must be satis� ed:

C(t ) ¡ C i q i

1

0

exp( ¡ k j n i j ) J1(kq i ) cos k dk = 0 (B4)

On the condition of Eq. (B4), it is easy to prove that

ui (0
+ , 1 ¡ ) = 0 (B5)

Based on these results, the derivationof Eq. (25) is straightforward.
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